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Adiabatic cyclic modulation of a one-dimensional periodic potential will result in quantized charge
transport, which is termed the Thouless pump. In contrast to the original Thouless pump restricted
by the topology of the energy band, here we experimentally observe a generalized Thouless pump
that can be extensively and continuously controlled. The extraordinary features of the new pump
originate from interband coherence in nonequilibrium initial states, and this fact indicates that a
quantum superposition of different eigenstates individually undergoing quantum adiabatic following
can also be an important ingredient unavailable in classical physics. The quantum simulation of this
generalized Thouless pump in a two-band insulator is achieved by applying delicate control fields
to a single spin in diamond. The experimental results demonstrate all principal characteristics of
the generalized Thouless pump. Because the pumping in our system is most pronounced around a
band-touching point, this work also suggests an alternative means to detect quantum or topological
phase transitions.
In 1983, Thouless discovered that the charge transport
across a one-dimensional lattice over an adiabatic cyclic
variation of the lattice potential is quantized, equaling
to the first Chern number defined over a Brillouin zone
formed by quasimomentum and time [1]. This phe-
nomenon, known as the Thouless pump, shares the same
topological origin as the quantization of Hall conduc-
tivity [2–4] and may thus be regarded as a dynamical
version of the integer quantum Hall effect [5]. In the
ensuing years, the Thouless pump was investigated ex-
tensively [4]. Up to now, several single-particle pump-
ing experiments have been implemented in nanoscale de-
vices [6–9]. Most recently, the Thouless pump was ob-
served in cold atom systems [10, 11]. On the application
side, the Thouless pump has the potential for realizing
novel current standards [12, 13], characterizing many-
body systems [14–18], and exploring higher dimensional
physics [19].
In Thouless’ original proposal and almost all the
follow-up studies, the initial-state quantum coherence be-
tween different energy bands, namely, the interband co-
herence in the initial states, is not taken into account.
As a fundamental feature of quantum systems [20, 21],
quantum coherence is at the root of a number of fas-
cinating phenomena in chemical physics [22–24], quan-
tum optics [25–29], quantum information [30], quantum
metrology [31–33], solid-state physics [34, 35], thermo-
dynamics [36–40], magnetic resonance [41–43], and even
biology [44–46]. Therefore, a question naturally arises as
to how the pump will behave if the interband coherence
resides in the initial state. A theoretical analysis of this
issue is outlined in Fig. 1, where Qa and Qb represent
pumping contributed by individual bands, and QIBC is
fueled by interband coherence [47, 48]. In contrast to the
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FIG. 1. Illustration about how interband coherence in the ini-
tial state leads to the generalized Thouless pump of duration
T . Band dispersion relations are plotted via energy and quasi-
momentum variables E vs k, and τ represents the time scaled
by T . (a) With an initial state being an incoherent mixture
of states from different bands, the nonadiabatic correction to
the band populations is of the order of 1/T 2. The resultant
pumping Qa +Qb is a weighted sum of the contribution from
each band. (b) With an initial state having interband coher-
ence, the pumping operation induces a population correction
of the order of 1/T , whose effect accumulated over T yields a
pumping term QIBC that is T independent and continuously
tunable.
conventional Thouless pump where the pumping compo-
nents Qa and Qb are determined by the Berry curvature
of each filled band, the generalized Thouless pump is fea-
tured by the component QIBC that can be continuously
and extensively controlled. The main aspects of QIBC
are experimentally investigated in this work.
Consider a one-dimensional two-band insulator subject
to time-dependent modulations. Its Hamiltonian in the
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2quasimomentum space is
H(k, τ) =
ω sin k
2
[
cosφ(τ) σx + sinφ(τ) σy
]
+
δ1 cos k + δ2
2
σz. (1)
Throughout, τ = t/T is the scaled time with t being
the real time and T the duration of one pumping cycle,
k ∈ (−pi, pi] is the quasimomentum, σx,y,z are the Pauli
matrices, and ~ is set to 1. The instantaneous spectrum
of H(k, τ) is gapless at k = 0 (k = pi) when and only
when δ1 = −δ2 (δ1 = δ2). One pumping cycle can be
realized by slowly varying φ from 0 to 2pi. In a lattice
representation, the parameters δ1 and δ2 represent the
respective bias in the nearest-neighbor hopping strength
and energy between two internal states.
For a general initial state with equal populations on
quasimomenta k and −k on each band, the pumped
amount of charge Q over N adiabatic cycles can be
found from the first-order adiabatic perturbation theory
(APT) [47–50], where Q = N(QTP +QIBC) +QNG, with
QTP =
1
2pi
∫ pi
−pi
dk
∑
n
ρnn|τ=0
∫ 1
0
dτ Ω
(n)
τk , (2)
QIBC =
1
2pi
∫ pi
−pi
dk
∑
m,n(m<n)
2 Im (ρmn 〈n| ∂τ |m〉)
Em − En
∣∣∣∣
τ=0
∫ 1
0
dτ (vmm − vnn),
(3)
and QNG being a nongeneric term that does not build up
with the number of pumping cycles (hence not of interest
here) [51]. That is, only QTP and QIBC represent con-
tributions from pumping over each adiabatic cycle. In
above m and n are band indices, |m(k, τ)〉 represent an
instantaneous eigenstate of H(k, τ) with the eigenvalue
Em(k, τ), ρmn(k, τ) and vnm(k, τ) refer to matrix ele-
ments of the density operator and the velocity operator
v(k, τ) ≡ ∂kH(k, τ) in representation of |m(k, τ)〉, and
Ω
(n)
τk is the Berry curvature of the nth instantaneous en-
ergy band of H(k, τ). The component QTP (= Qa + Qb
in the case of Fig. 1), representing a weighted integral
of the Berry curvature, was found previously by Thou-
less [1]. The component QIBC, namely, the charge pump-
ing induced by interband coherence in the initial state, is
responsible for the generalized Thouless pump and will
be our focus here. Analogous to the conventional Thou-
less pumping, QIBC arises from an accumulation of small
nonadiabatic effects over one pumping cycle. As sketched
in Fig. 1, the initial-state interband coherence plays a
crucial role in generating the underlying nonadiabatic ef-
fects. The term QIBC is found to be nontopological and
can change continuously. As indicated by Eq. (3), QIBC
depends on 〈n|∂τ |m〉|τ=0 and the band gap. For a pump-
ing parameter φ(τ) as in our two-band model depicted in
Eq. (1), one has 〈n|∂τ |m〉|τ=0 ∼ dφ(τ)dτ |τ=0, which can be
controlled by the switching-on rate of a pumping proto-
col. The band gap in our model can be altered via tuning
δ1/δ2 and QIBC can even diverge logarithmically as the
band gap is tuned to approach zero [51].
The generalized Thouless pump can be experimentally
realized on a qubit system because the insulator’s Hamil-
tonian in Eq. (1) is also the Hamiltonian of a qubit in a
rotating field parametrized by k and φ. That is, by map-
ping the two-band insulator’s Hamiltonian to that for a
qubit in a rotating field, we can experimentally demon-
strate the generalized Thouless pump using a single spin
[52]. To highlight the contribution from QIBC, in our ex-
periment the initial state is properly designed such that
QTP = QNG = 0; i.e., the traditional Thouless pumping
and the non-generic term QNG have no contribution. To
demonstrate the sensitivity of QIBC to the switching-on
rate of the pumping protocol, namely, dφ(τ)dτ |τ=0, we con-
sider a linear ramp φ(τ) = 2piτ and a quadratic ramp
φ(τ) = 2piτ2. One directly sees that the latter choice
with zero switching-on rate will make QIBC = 0 within
the first-order APT. To demonstrate the dependence of
QIBC on the band gap, we implement the Hamiltonian in
Eq. (1) with a varying band gap.
A negatively charged nitrogen-vacancy (NV) center
in diamond is used in the experiment. As shown in
Fig. 2(a), the NV center is composed of one substitutional
nitrogen atom and an adjacent vacancy [53–56]. In our
experiment, an external static magnetic field around 510
G is parallel to the NV symmetry axis. Such magnetic
field enables both the NV electron spin and the host 14N
nuclear spin to be polarized by optical excitation [57, 58].
As illustrated in Fig. 2(b), microwaves generated by an
arbitrary waveform generator drives the transition be-
tween the electronic levels |ms = 0〉 and |ms = −1〉 which
compose a qubit, and the level |ms = 1〉 remains idle due
to large detuning [59]. The Hamiltonian of the qubit in
the laboratory frame is H lab = ω0σz/2 + f(t)σx, where
the term f(t)σx delineates the effect of the microwave
field. The expectation value of the observable σz can
be read out via fluorescence detection during optical ex-
citation. All the optical procedure are performed on a
home-built confocal microscope, and a solid immersion
lens is etched on the diamond above the NV center to
enhance the fluorescence collection [60, 61].
In our work, the experiment for different k is performed
separately in different runs of experiment. The pulse
sequence for each k is sketched in Fig. 2(c). At first,
the qubit is polarized to the state ρ0 = (1 + σz)/2 by a
laser pulse [see the green bar in the preparation section
in Fig. 2(c)], and then the initial state ρ(k, 0) needs to be
prepared. To optimizeQIBC in the experiment, the initial
density matrix ρ(k, 0) at individual values of k is designed
such that its associated Bloch vector is perpendicular to
the direction of the field that yields H(k, 0). This choice
is again illustrated in Fig. 2(c). Specifically, ρ(k, 0) is
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FIG. 2. Experimental system and method. (a) NV center in
diamond. (b) Electronic ground state of a negatively charged
NV center. The energy splitting depends on the magnetic
field which is parallel to the NV axis in this experiment [59].
The two levels |ms = 0〉 and |ms = −1〉 are encoded as a
qubit which is manipulated by microwaves (MW). (c) Pulse
sequence for qubit control and measurement. The ellipsoid
surface represents the parameter space and the sphere repre-
sents the Bloch sphere.
chosen as [1+n(k) ·σ]/2 with the unit vector n(k) along
the direction (−δ1 cos k − δ2, 0, ω sin k) except that n =
(0, 0, 1) at a band touching point. This choice also makes
QTP and QNG vanish [51]. To prepare such an initial
state, we apply a resonance microwave pulse with the
temporal dependence f(t) = ω1 cos(ω0t+ϕini), where the
time t starts from zero, ω1 is the Rabi frequency, and the
initial phase ϕini is set as −pi/2 (pi/2) if δ1 cos k + δ2 ≥
0 (< 0). The duration of the pulse is tini = α/ω1, where
α is the inclination angle of n(k). The orange bar in the
preparation section in Fig. 2(c) represents this pulse.
Upon initial-state preparation, the qubit is left to
evolve under H(k, τ), namely, in the presence of a field
whose transverse and longitudinal magnitudes are given
by ω sin k and δ1 cos k + δ2, respectively. The field is
then rotated around the z axis according to φ(τ), with
φ(τ) understood as the azimuthal angle. This rotat-
ing field is implemented by applying a microwave pulse
with f(t) = ω sin k cos [(ω0 − δ1 cos k − δ2)t+ φ(τ) + ϕI],
where t starts from zero and the initial phase ϕI = ω0tini
is used to match the phase of the first pulse. In Fig. 2(c)
this pulse is depicted by the blue bar in the evolution
section. In a frame with the initial azimuthal angle ϕI
and rotating around the z axis with the angular fre-
quency ω0−δ1 cos k−δ2 relative to the laboratory frame,
the bare Hamiltonian H lab is transformed, via the rota-
tion transformation operator e−i[(ω0−δ1 cos k−δ2)t+ϕI]σz/2,
to our target Hamiltonian H(k, τ) under the rotating
wave approximation. The parameters adopted in our ex-
periment are ω = 2pi × 20 MHz, δ1 = 2pi × 10 MHz, and
δ2 between 0 to 2pi × 20 MHz.
The evolution governed by H(k, τ) lasts for some dura-
tion te ∈ [0, T ] (with the corresponding scaled time τe ∈
[0, 1]), and then the velocity v(k, τe) needs to be mea-
sured. As shown in Fig. 2(c), the measurement procedure
begins with a microwave pulse (the magenta bar). This
pulse is described by f(t) = ω1 cos(ω0t+ϕI +ϕII +ϕfin),
with t starting from zero, ϕII = (ω0 − δ1 cos k − δ2)te +
φ(τe), and ϕfin = −pi/2 (pi/2) when cos k ≥ 0 (< 0).
The duration of the pulse is tfin = β/ω1, where β is the
inclination angle of the direction of v. This resonant mi-
crowave pulse, which steers the direction of v(k, τe) to
the +z direction, is followed by a laser pulse [the right
green bar in Fig. 2(c)] together with fluorescence detec-
tion. The fluorescence is collected via two counting win-
dows represented by the two red bars in Fig. 2(c). The
former window records the signal while the latter records
the reference [51]. The fluorescence collection amounts
to the measurement of σz, and the effect combined with
the microwave pulse is equivalent to the observation of
v(k, τe)/ ‖v‖, where ‖v‖ is the spectral norm of v.
The above sequence is performed for a series of τe ∈
[0, 1], and is iterated at least a hundred thousand times
to obtain the expectation value. One can then get
〈v(k, τ)〉/ ‖v‖ as a function of τ . Numerical integra-
tion over τ based on these experimental data, multi-
plied by ‖v‖, yields the experimental value of q(k) =
T
∫ 1
0
〈v(k, τ)〉dτ , the pumped charge contributed from a
certain k. This procedure is repeated for different values
of k ∈ [0, pi]. Some experimental data with T = 1 µs and
φ(τ) = 2piτ are instantiated in Fig. 3. The pattern of
the normalized velocity 〈v(k, τ)〉/ ‖v‖ depends strongly
on δ2/δ1, and so does the shape of q(k). In particular,
there is a significant charge transport for δ2/δ1 ≈ 1 and
k ≈ pi, i.e., near the band touching point.
Because of symmetry considerations, it suffices to let
our measurements cover half of the first Brillouin zone
to extract the pumped charge Q =
∫ pi
−pi q(k)dk/(2pi) =∫ pi
0
q(k)dk/pi [51]. As illustrated by the orange curve and
data points in Fig. 4(a), the pumped charge Q first rises
and then declines as the parameter δ2/δ1 sweeps from
0 to 2. The parameter δ2/δ1 also determines the band
gap as sketched in Fig. 4(b). Though the ramp time
T = 1 µs is still not in the true adiabatic limit T → ∞,
the pumped charge Q for T = 1 µs as a function of δ2/δ1
bears strong resemblance with the theoretical curve for
T → ∞ obtained using the first-order APT, with their
differences well accounted for. In particular, the theoret-
ical logarithmic divergence of Q as δ2/δ1 → 1 [see the
gray curve in Fig. 4(a)] implicitly requires T → ∞ as
the condition to apply the first-order APT. The actual
observed pumping for a finite T = 1 µs is thus not ex-
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FIG. 3. Normalized velocity expectation values and pumped
charge per each k. (a),(b) Normalized value 〈v〉/ ‖v‖ vs k and
τ for δ2/δ1 = 0 and 1, respectively. Experimental data (cal-
culations based on the Schro¨dinger equation) are on the right
(left). The red curves in the experimental figures are guides
to the eye to clarify the patterns in the color map. These
guidelines are the crest lines in the patterns of the calculated
〈v〉/ ‖v‖. (c) Pumped charge q(k) per each synthetic quasi-
momentum k for several values of δ2/δ1. Symbols (curves)
represent the experimental data (the calculation).
pected to shoot to infinity. In addition, the peak of Q is
not precisely at δ2/δ1 = 1, but has a rightward shift. In
this linear ramp case, a non-perturbative theory can be
developed [51]. The theoretical shift of the peak of Q as a
function of δ2/δ1 is found to be 2pi/(δ1T ), in good agree-
ment with our observation. This clearly indicates that
the observed peak shift is merely a finite-T effect. For a
shorter ramp time T = 0.5 µs as depicted by the green
curve and data points in Fig. 4(a), the pumping peak
slightly goes lower again and shifts further away from
the exact phase transition point δ2/δ1 = 1. Overall, the
two pumping curves with T = 1 µs and T = 0.5 µs have
a remarkable overlap with each other, thus supporting
that to the zeroth order of 1/T , the outcome of the gen-
eralized Thouless pump is independent of T . We next
investigate another pumping protocol φ(τ) = 2piτ2 with
T = 1 µs. The initial switching-on rate of this pumping
protocol now vanishes. In this case, we observe negligi-
ble pumping, as evidenced by the blue curve and data
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FIG. 4. Transported charge Q and band gap vs δ2/δ1. (a)
The symbols and curves represent experimental data and the-
oretical results, respectively. The orange symbols and curve
are for the linear ramp φ(τ) = 2piτ with T = 1 µs. The
green symbols and curve are for φ(τ) = 2piτ with T = 0.5
µs. The grey theoretical curve corresponds to φ(τ) = 2piτ
with T →∞. The blue symbols and curve correspond to the
parabolic ramp φ(τ) = 2piτ2 with T = 1 µs. Error bars rep-
resent ±1 s.d. (b) In the two-band model, the band gap is
|δ2 − δ1|.
points in Fig. 4(a). The results for the two different pro-
tocols confirm that the generalized Thouless pump can
be extensively tuned by varying the switching-on rate of
a pumping protocol. Finally, one may note the differ-
ences between experimental results and the simulation
results [orange, green, and blue solid curves in Fig. 4(a)]
based solely on time-dependent Schro¨dinger equations.
The experimental errors are mainly due to the imperfec-
tion of the microwave pulses. Nevertheless, in the pres-
ence of the experimental errors, our experimental results
have demonstrated all principal features of the general-
ized Thouless pump.
In conclusion, by incorporating interband coherence
into the initial state as a powerful quantum resource,
we are able to go beyond the traditional Thouless pump.
Using a single spin in diamond, we have experimentally
demonstrated a novel type of quantum adiabatic pump,
which is extensively and continuously tunable by varying
the switching-on rate of a pumping protocol. The tun-
ability of our generalized Thouless pump is reminiscent
of the famous Archimedes screw, where water is pumped
via rotating a screw-shaped blade in a cylinder and the
amount of pumped water can also be changed continu-
5ously [62–64]. Furthermore, because the coherence-based
pumping in our system is most pronounced around a
band-touching point, it may provide an alternative means
for the detection of band touching and hence quantum or
topological phase transition points. Our work thus en-
riches the physics of adiabatic pump and coherence-based
quantum control.
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7Supplementary Material
1. THEORY
1.1 Adiabatic charge pumping with nonequilibrium initial states
In this supplementary note, we derive Eqs. (2) and (3) in the main text, which describe the particle pumping over
an adiabatic cycle in the generalized Thouless pump for initial states with interband coherence. Throughout this
note, we take ~ = 1.
We start with the time-dependent Schro¨dinger equation
i
d
dτ
|Ψ(k, τ)〉 = TH(k, τ)|Ψ(k, τ)〉, (S1)
where τ = t/T ∈ [0, 1] is the scaled time with t being the real time and T the duration of the evolution, k represents
some other time-independent parameters of the system, |Ψ(k, τ)〉 represents the state of the system at the scaled time
τ , and H(k, τ) is the system’s Hamiltonian which depends on time through some parameter such as φ(τ). In this
study, we consider the class of quantum systems whose Hamiltonian H(k, τ) admits a discrete instantaneous energy
spectrum {En(k, τ)} with eigenstates {|n(k, τ)〉}, such that
H(k, τ)|n(k, τ)〉 = En(k, τ)|n(k, τ)〉,
with n being the energy level index. At the start of the evolution (τ = 0), the initial state of the system |Ψ(k, 0)〉 can
be written in the basis {|n(k, 0)〉} as
|Ψ(k, 0)〉 =
∑
n
cn(k, 0)|n(k, 0)〉, (S2)
with the amplitude cn(k, 0) = 〈n(k, 0)|Ψ(k, 0)〉. At a later time τ , the state of the system can be written in the basis
{|n(k, τ)〉} as
|Ψ(k, τ)〉 =
∑
n
e−iΘn(k,τ)cn(k, τ)|n(k, τ)〉, (S3)
where Θn(k, τ) = T
∫ τ
0
En(k, τ
′)dτ ′ is the dynamical phase. The Schro¨dinger equation in Eq. (S1) is solved if all
{cn(k, τ)} are found at each τ .
In quasiadiabatic evolutions, φ varies slowly in time, so that dφdt =
1
T
dφ(τ)
dτ is much smaller than any energy gap of
the instantaneous Hamiltonian H(k, τ). In this case, cn(k, τ) can be expressed as a series of 1/T through adiabatic
perturbation theory [S1]. Keeping terms up to O(1/T ), we get
cn(k, τ) = cn(k, 0) +
1
T
∑
m 6=n
cm(k, 0)
[
i〈n(k, τ ′)|∂τm(k, τ ′)〉
En(k, τ ′)− Em(k, τ ′)e
iΘnm(k,τ
′)
]∣∣∣∣τ ′=τ
τ ′=0
, (S4)
where Θnm(k, τ) ≡ Θn(k, τ) − Θm(k, τ) is the dynamical phase difference [S2]. The above equation can also be
expressed by the element of the density matrix, namely,
ρmn(k, τ) = ρmn(k, 0)+
1
T
∑
` 6=n
ρm`(k, 0)
[
i〈`(k, τ ′)|∂τn(k, τ ′)〉
En(k, τ ′)− E`(k, τ ′)e
iΘ`n(k,τ
′)
]∣∣∣∣τ ′=τ
τ ′=0
+
1
T
∑
` 6=m
ρ`n(k, 0)
[
i〈m(k, τ ′)|∂τ `(k, τ ′)〉
Em(k, τ ′)− E`(k, τ ′)e
iΘm`(k,τ
′)
]∣∣∣∣τ ′=τ
τ ′=0
,
(S5)
Note that in writing down the expressions in Eqs. (S4) and (S5), we have taken the parallel transport gauge convention.
This means to choose the phase for the basis state |n(k, τ)〉, in order to make 〈n(k, τ)|∂τ |n(k, τ)〉 = 0 for all n at any
τ ∈ (0, 1).
8In Thouless’ setup of adiabatic charge transport [S3], H(k, τ) describes noninteracting electrons in a one-dimensional
lattice modulated by a slowly varying time-dependent potential, which is periodic in both space and time. The particle
transported across the system over an adiabatic driving cycle (i.e., τ : 0→ 1 here) is given by
Q =
1
2pi
∫ pi
−pi
dk
∫ 1
0
dτT 〈v(k, τ)〉, (S6)
where k ∈ (−pi, pi] is the quasimomentum (with lattice constant a = 1), v(k, τ) ≡ ∂kH(k, τ) represents the group
velocity operator, and 〈v(k, τ)〉 ≡ tr[ρ(k, τ)v(k, τ)] represents the expectation value of v(k, τ).
In the following, we give the detailed derivation of the charge pumping Q discussed in the main text. Let’s first
introduce a set of compact notations as
Dmn(k, τ) ≡ Em(k, τ)− En(k, τ), (S7)
vmn(k, τ) ≡ 〈m(k, τ)|v(k, τ)|n(k, τ)〉, (S8)
Mmn(k, τ) ≡ i〈m(k, τ)|∂τ |n(k, τ)〉. (S9)
In terms of these notations, we can organize the density matrix components in Eq. (S5) as
%I ≡ ρmn(k, 0), (S10)
%II ≡ 1
T
∑
` 6=n
ρm`(k, 0)
[
M`n(k, τ
′)
Dn`(k, τ ′)
eiΘ`n(k,τ
′)
]∣∣∣∣τ ′=τ
τ ′=0
, (S11)
%III ≡ 1
T
∑
6`=m
ρ`n(k, 0)
[
Mm`(k, τ
′)
Dm`(k, τ ′)
eiΘm`(k,τ
′)
]∣∣∣∣τ ′=τ
τ ′=0
. (S12)
Correspondingly, we will also decompose the charge pumping Q into three parts as
Q = QNG +QII +QIII. (S13)
Explicit expressions for these components will be derived in the following subsections.
1.1.1 Derivation of QNG
The contribution of %I to Q is denoted by QNG. From Eqs. (S6) and (S10), we find
QNG =
1
2pi
∫ pi
−pi
dk
∑
m,n
ρnm(k, 0)
∫ 1
0
Tdτvmn(k, τ)e
iΘmn(k,τ). (S14)
In the case of m = n, the integral becomes 12pi
∫ pi
−pi dk
∑
n ρnn(k, 0)
∫ 1
0
Tdτvnn(k, τ). If there is symmetry breaking
in k-space (e.g., a population imbalance with respect to k), this term could make a contribution to the transport of
order T , which may become very large in the adiabatic limit (T →∞). But this contribution is not due to pumping.
To remove this irrelevant term, we will assume
1
2pi
∫ pi
−pi
dk
∑
n
ρnn(k, 0)
∫ 1
0
Tdτvnn(k, τ) = 0. (S15)
Practically this can be achieved if, e.g., vnn(k, τ) and ρnn(k, 0) have opposite parities as functions of k. In our
experiment, we studied a two-band system and choose the initial state to equally populate the two bands, i.e.,
ρ11(k, 0) = ρ22(k, 0) for all k. Since the group velocities of the two bands satisfy v11(k, τ) = −v22(k, τ), we will
always have
∑2
n=1 ρnn(k, 0)vnn(k, τ) = 0 in our experimental situation, and therefore the assumption (S15) is always
justified.
Under the assumption (S15), Eq. (S14) simplifies to
QNG =
1
2pi
∫ pi
−pi
dk
∑
m,n,m6=n
ρnm(k, 0)
∫ 1
0
Tdτvmn(k, τ)e
iΘmn(k,τ). (S16)
9Performing an integration by parts over the dynamical phase exponent eiΘmn(k,τ), we find
QNG =
1
2pi
∫ pi
−pi
dk
∑
m,n,m 6=n
ρnm(k, 0)
∫ 1
0
vmn(k, τ)
iDmn(k, τ)
deiΘmn(k,τ)
=
1
2pi
∫ pi
−pi
dk
∑
m,n,m 6=n
ρnm(k, 0)
[
vmn(k, τ)
iDmn(k, τ)
eiΘmn(k,τ)
]∣∣∣∣τ=1
τ=0
+O
(
1
T
)
. (S17)
Since in the adiabatic limit (T →∞), the phase factor Θmn(k, τ) is oscillating fast with respect to k, its average over
k will tend to vanish. This may also be seen by performing another integration by parts over eiΘmn(k,τ), which will
generate a term 1/∂kΘmn(k, τ) ∝ 1/T . So in the adiabatic limit (T →∞), Eq. (S17) further reduces to
QNG =
1
2pi
∫ pi
−pi
dk
∑
m,n,m<n
2Im [ρmn(k, 0)vnm(k, 0)]
Em(k, 0)− En(k, 0) . (S18)
This term is highly non-generic. It contains the memory of the state to the initial condition and is time-
independent (since it is only evaluated at τ = 0). Furthermore, QNG will not accumulate with the increasing of
the number of pumping cycles, and thus of secondary importance in long time dynamics. In our experiment, the
initial states we prepared satisfy Im [ρmn(k, 0)vnm(k, 0)] = 0, and therefore make QNG vanish as mentioned in the
main text.
1.1.2 Derivation of QTP and QIBC
Plugging Eq. (S11) into Eq. (S6), we find
QII =
1
2pi
∫ pi
−pi
dk
∑
m,n
∑
` 6=m
ρn`(k, 0)
∫ 1
0
dτvmn(k, τ)
[
M`m(k, τ
′)
Dm`(k, τ ′)
eiΘ`m(k,τ
′)
]∣∣∣∣τ ′=τ
τ ′=0
eiΘmn(k,τ). (S19)
When m = n, the factor M`m(k,τ
′)
Dm`(k,τ ′)
eiΘ`m(k,τ
′) has contribution to QII in the adiabatic limit only at τ
′ = 0, where
eiΘ`m(k,τ
′) = 1. When m 6= n, the factor M`m(k,τ ′)Dm`(k,τ ′) eiΘ`m(k,τ
′) has contribution to QII in the adiabatic limit only at
τ ′ = τ with ` = n. These can be derived by performing integration by parts over the dynamical phase exponent
eiΘ`m(k,τ), and arguments parallel to what we have in used the last subsection to obtain Eq. (S17). Taking the
adiabatic limit (T →∞) and collecting all non-vanishing terms of Eq. (S19), we obtain
QII =
1
2pi
∫ pi
−pi
dk
∑
m,n,m6=n
ρnm(k, 0)
[
Mmn(k, τ)
Dmn(k, τ)
]∣∣∣∣
τ=0
∫ 1
0
dτvnn(k, τ)
+
1
2pi
∫ pi
−pi
dk
∑
m,n,m6=n
ρnn(k, 0)
∫ 1
0
dsvmn(k, τ)
Mnm(k, τ)
Dmn(k, τ)
. (S20)
Similarly, plugging Eq. (S12) into Eq. (S6) yields
QIII =
1
2pi
∫ pi
−pi
dk
∫ 1
0
dτ
∑
m,n
∑
` 6=n
vmn(k, τ)ρ`m(k, 0)
[
Mn`(k, τ
′)
Dn`(k, τ ′)
eiΘn`(k,τ
′)
]∣∣∣∣τ ′=τ
τ ′=0
eiΘmn(k,τ). (S21)
Parallel to the previous analysis, this expression reduces in the adiabatic limit to
QIII =
1
2pi
∫ pi
−pi
dk
∑
m,n,m6=n
ρmn(k, 0)
[
Mnm(k, τ)
Dmn(k, τ)
]∣∣∣∣
τ=0
∫ 1
0
dτvnn(k, τ)
+
1
2pi
∫ pi
−pi
dk
∑
m,n,m6=n
ρnn(k, 0)
∫ 1
0
dτvnm(k, τ)
Mmn(k, τ)
Dmn(k, τ)
. (S22)
It is not hard to see that QIII = Q
∗
II. Thus we can collect them together and recombine relevant terms to obtain
QII +QIII = QTP +QIBC.
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To summarize, the total charge pumping Q can be expressed as a summation of three components as discussed in
the main text:
Q = QNG +QII +QIII = QNG +QTP +QIBC. (S23)
On the right hand side of Eq. (S23), the term QNG has been discussed in the last section. The QTP has the following
expression:
QTP =
1
2pi
∫ pi
−pi
dk
∑
n
ρnn(k, 0)
∫ 1
0
dτΩ
(n)
τk , (S24)
where ρnn(k, τ)|τ=0 = |cn(k, 0)|2 is the initial population at the quasimomentum k on the Bloch band n, and Ω(n)τk =
i〈∂τn(k, τ)|∂kn(k, τ)〉 + c.c. represents the Berry curvature. Therefore, QTP is given by an integral of the Berry
curvature weighted by initial Bloch band populations. It has been found in Thouless’ original work [S3], but has
nothing to do with interband coherence in the initial state.
The third term, QIBC, is the focus of our experimental study. It is given by
QIBC =
1
2pi
∫ pi
−pi
dk
∑
m,n,m<n
2Im [ρmn(k, τ)〈n(k, τ)|∂τ |m(k, τ)〉]
Em(k, τ)− En(k, τ)
∣∣∣∣
τ=0
∫ 1
0
dτ [vmm(k, τ)− vnn(k, τ)]. (S25)
Through its dependence on ρmn(k, τ) at τ = 0 for m 6= n, we see that QIBC is originated from interband coherence in
the initial state. As can be seen from Eq. (S4), such an initial-state coherence could induce a correction to interband
population transfer of the order of 1/T . The accumulation of this nonadiabatic effect over a long time duration T
finally makes QIBC an important component of the total charge pumping. Moreover, QIBC depends on the term
〈n|∂τ |m〉 = dφdτ 〈n|∂φ|m〉 evaluated at τ = 0, and is therefore sensitive to the switching-on behavior of a pumping
protocol. In our experiment, we considered two different adiabatic protocols. The first protocol, φ(τ) = 2piτ , is linear
in τ with a constant rate dφdτ = 2pi. The second protocol, φ(τ) = 2piτ
2, is quadratic in τ . It has a rate dφdτ = 4piτ ,
vanishing at τ = 0. So for the second protocol, one has QIBC = 0 within the first-order adiabatic perturbation theory.
1.1.3 Pumping over N adiabatic cycles
If the pump is operated over N adiabatic cycles, the non-generic part of charge pumping is still given by Eq. (S18)
since its right-hand side is independent of τ . Due to the periodicity of Ω
(n)
τk in τ , i.e., Ω
(n)
τ+1k = Ω
(n)
τk , we have∫ N
0
dτΩ
(n)
τk = N
∫ 1
0
dτΩ
(n)
τk and therefore the relevant pumping component over N adiabatic cycle is NQTP, where
QTP is the component over one adiabatic cycle. Similarly, the velocity operator v(k, τ) is also a periodic function of τ
with period 1, thus
∫ N
0
dτ [vmm(k, τ)−vnn(k, τ)] = N
∫ 1
0
dτ [vmm(k, τ)−vnn(k, τ)] and therefore the relevant pumping
component over N adiabatic cycle is NQIBC, where QIBC is the component over one adiabatic cycle. Collecting all
these together, we conclude that the charge pumping over N adiabatic cycles is N(QTP +QIBC) +QNG as discussed
in the main text. Here N is a positive integer.
1.2 Model for the experiment
In our experiment, we map a one-dimensional two-band insulator model onto a single qubit subject to a time-
dependent driving field. Explicitly, the qubit Hamiltonian is given by
H(k, τ) =
ω sin(k)
2
{
cos[φ(τ)] σx + sin[φ(τ)] σy
}
+
δ1 cos(k) + δ2
2
σz, (S26)
Its corresponding lattice Hamiltonian is
H(τ) =
∑
k
H(k, τ) |k〉 〈k|, (S27)
where k represents the quasimomentum. In the position representation, the Hamiltonian is given by
H(τ) =
1
2
∑
j
{
|j〉 δ1σz − iω cos[φ(τ)]σx − iω sin[φ(τ)]σy
2
〈j + 1|+ h.c.
}
+
1
2
∑
j
|j〉 (δ2σz) 〈j| , (S28)
11
where |j〉 represents the lattice site basis, δ1 represents an energy bias in the hopping of spin up and down particles,
and δ2 represents an energy bias between spin up and down particles in the same unit cell. The driving field modulates
the spin orientation of the particle on xy plane during its hopping between nearest neighbor sites.
In the experiment, we conduct the charge pumping along the synthetic dimension k on a qubit with the Hamiltonian
H(k, τ). To single out the contribution of QIBC from the total charge pumping Q in an adiabatic cycle, the initial
state (at τ = 0) is chosen to have equal populations on the two levels of H(k, 0) at each k. From Eq. (S24), we observe
that QTP = 0 for such an initial state, since the Berry curvature satisfies
∑
n Ω
(n)
τk = 0 at each point (k, τ) in the
parameter space. Actually, in this specific model, one has QTP = 0 even if the initial populations on the two bands
are not equal because the first Chern numbers vanish, i.e., the integral of Berry curvature 12pi
∫ pi
−pi dk
∫ 1
0
dτΩ
(n)
τk is zero.
Despite this particularity of our two-band model, preparing the initial state with equal populations on all bands at
each k is an effective method to eliminate QTP. It should also be noted that QIBC given by Eq. (S25) is a natural
consequence of the initial-state interband coherence and is not restricted to the model adopted in this work.
The eigenenergies and eigenstates of H(k, τ) are
E±(k) = ±1
2
√
ν2 + δ2, |+ (k, τ)〉 = 1√
2
 √1 + δ∆
sgn( ν∆ )e
iφ
√
1− δ∆
 , | − (k, τ)〉 = 1√
2
sgn( ν∆ )√1− δ∆
−eiφ
√
1 + δ∆
 , (S29)
with
∆ ≡ E+(k)− E−(k) =
√
ν2 + δ2, ν ≡ ω sin(k), δ ≡ δ1 cos(k) + δ2. (S30)
Here ∆ represents the level spacing, ν is the magnitude of the transverse field, and δ is the magnitude of the longitudinal
field. The sgn function in Eq. (S29) reflects a gauge choice. Note also that in our model E±(k) and ∆ are independent
of time. Consider next the following initial state for each k,
|Ψ(k, 0)〉 = 1√
2
[|+ (k, 0)〉+ | − (k, 0)〉] = 1
2
√1 + δ∆ + sgn( ν∆ )√1− δ∆
sgn( ν∆ )
√
1− δ∆ −
√
1 + δ∆
 , (S31)
and the corresponding density matrix is
ρ(k, 0) =
1 + n · σ
2
, n =
(−δ1 cos k − δ2, 0, ω sin k)√
(ω sin k)
2
+ (δ1 cos k + δ2)
2
. (S32)
In the singular case where δ1 = δ2 and k = pi, the eigenstates in Eq. (S29) is redefined as
|+ (k, τ)〉|δ1=δ2,k=pi = limk→pi−
{
lim
δ1→δ2
1√
2
 √1 + δ∆
sgn( ν∆ )e
iφ
√
1− δ∆
} = 1√
2
(
1
eiφ
)
,
| − (k, τ)〉|δ1=δ2,k=pi = limk→pi−
{
lim
δ1→δ2
1√
2
sgn( ν∆ )√1− δ∆
−eiφ
√
1 + δ∆
} = 1√
2
(
1
−eiφ
)
.
(S33)
Likewise, the initial state in Eq. (S31) is redefined as
|Ψ(k, 0)〉|δ1=δ2,k=pi = limk→pi−
{
lim
δ1→δ2
1
2
√1 + δ∆ + sgn( ν∆ )√1− δ∆
sgn( ν∆ )
√
1− δ∆ −
√
1 + δ∆
} = ( 1
0
)
, (S34)
and the corresponding Bloch vector in Eq. (S32) is redefined as
n|δ1=δ2,k=pi = limk→pi−
[
lim
δ1→δ2
(−δ1 cos k − δ2, 0, ω sin k)√
(ω sin k)
2
+ (δ1 cos k + δ2)
2
]
= (0, 0, 1). (S35)
Plugging the initial state in Eq. (S32) into Eq. (S25), with the help of Eqs. (S26) and (S30), we find after some
algebra that
QIBC = − 1
2pi
∫ pi
0
dk
(ω2 − δ21) cos(k)− δ1δ2{
ω2 sin2(k) + [δ1 cos(k) + δ2]
2
}3/2ω sin2(k)φ˙|τ=0. (S36)
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This expression for QIBC, now involving only the k integral from 0 to pi, motivates us to restrict k to the regime of
[0, pi] in our actual experiment.
Around the band touching point (δ1 = δ2, k = pi), the numerator of the integrand in Eq. (S36) approaches zero as
|k − pi|2, whereas the denominator of the same integrand approaches zero as |k − pi|3. Therefore, the integrand itself
approaches zero as |k − pi|−1 and its integration over k hence yields a logarithmic divergence around k = pi. This
explains the origin of the divergence in the theoretical pumping curve shown in Fig. 4(a) of the main text.
For the specific linear ramp case, φ = 2piτ , the above equation becomes
QIBC = −
∫ pi
0
dk
(ω2 − δ21) cos(k)− δ1δ2{
ω2 sin2(k) + [δ1 cos(k) + δ2]
2
}3/2ω sin2(k). (S37)
In Fig. 4(a) of the main text, the gray theoretical curve (for T →∞) is obtained by evaluating this term with ω = 2δ1
and δ2 ∈ [0, 2δ1].
Additionally, since both ρ−+(k, τ) and v+−(k, τ) are real at τ = 0, the term QNG vanishes according to Eq. (S18).
To summarize, for our initial state |Ψ(k, 0)〉, the charge pumping over an adiabatic cycle is solely given by QIBC, the
contribution due to interband coherence in the initial state.
1.3 Reflection symmetry of the velocity expectation value
For the specific initial state in Eq. (S32), the velocity expectation value has reflection symmetry in k, i.e., 〈v(k, τ)〉 =
〈v(−k, τ)〉. The proof is as follows.
We turn to the rotating frame that rotates around the z axis according to φ(τ), or in other words, we apply the
rotating transformation characterized by the rotation operator R = e−iφ(τ)σz/2. The Hamiltonian, the evolution
operator, the density operator, and the velocity operator in this rotating frame are
H˜(k, τ) = R†H(k, τ)R− i
T
R†
d
dτ
R = ν
σx
2
+
(
δ − 1
T
dφ
dτ
)
σz
2
,
U˜(k, τ) = T exp
[
−i
∫ τ
0
H˜(k, τ)dτ ′
]
,
ρ˜(k, τ) = R†ρ(k, τ)R = U˜(k, τ)ρ˜(k, 0)U˜(k, τ)†,
v˜(k, τ) = R†v(k, τ)R = ω cos k
σx
2
− δ1 sin kσz
2
,
(S38)
where ν ≡ ω sin k and δ ≡ δ1 cos k + δ2 are the same as Eq. (S30). One can observe that
σzH˜(k, τ)σz = H˜(−k, τ), σzU˜(k, τ)σz = U˜(−k, τ),
σxv˜(k, τ)σx = v˜(−k, τ), σxρ˜(k, 0)σx = ρ˜(−k, 0),
σyρ˜(k, 0)σy = −ρ˜(k, 0), σy v˜(k, τ)σy = −v˜(k, τ).
The above relations entail
〈v˜(−k, τ)〉 = tr[ρ˜(−k, τ)v˜(−k, τ)] = tr
[
U˜(−k, τ)ρ˜(−k, 0)U˜(−k, τ)v˜(−k, τ)
]
= tr
[
σzU˜(k, τ)σzσxρ˜(k, 0)σxσzU˜(k, τ)
†σzσxv˜(k, τ)σx
]
= tr
[
U˜(k, τ)σyρ˜(k, 0)σyU˜(k, τ)
†σy v˜(k, τ)σy
]
= tr
[
U˜(k, τ)ρ˜(k, 0)U˜(k, τ)†v˜(k, τ)
]
= tr[ρ˜(k, τ)v˜(k, τ)] = 〈v˜(k, τ)〉 .
By taking tr[ρ˜(k, τ)v˜(k, τ)] = tr[ρ(k, τ)v(k, τ)] into account, one finally obtains 〈v(k, τ)〉 = 〈v(−k, τ)〉. Therefore, for
the specific initial state in Eq. (S32), only half of the first Brillouin zone is enough for evaluating the pumped charge
Q in Eq. (S6).
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1.4 Detailed solution for the linear ramp case
For the linear driving protocol φ = 2piτ , the Hamiltonian in the rotating frame is
H˜(k) = ν
σx
2
+
(
δ − 2pi
T
)
σz
2
, (S39)
according to Eq. (S38). Note that this Hamiltonian is time-independent. The eigenenergies and eigenstates of H˜(k)
are
E˜±(k) = ±1
2
√
ν2 + δ˜2, |+˜(k)〉 = 1√
2
 √1 + δ˜∆˜
sgn(ν)
√
1− δ˜
∆˜
 , |−˜(k)〉 = 1√
2
sgn(ν)√1− δ˜∆˜
−
√
1 + δ˜
∆˜
 , (S40)
with
δ˜ ≡ δ − 2pi
T
, ∆˜ ≡ E˜+(k)− E˜−(k) =
√
ν2 + δ˜2. (S41)
The shift of peaks in the experimental observation of charge pumping may be investigated from the spectrum of
H˜(k), which is gapless at k = pi if the two frequencies δ1 and δ2 satisfy the relation δ2 = δ1 + 2pi/T . So for a finite T ,
the position of peak will shift from δ2/δ1 = 1 to δ2/δ1 = 1 +
2pi
δ1T
> 1. With the increasing of T , the peak will shift
gradually to left, until being coincide with the adiabatic result at δ2 = δ1 when T → ∞. In the following we give
more detailed calculations to support this argument.
Thanks to the time-independence of the Hamiltonian in Eq. (S39), the evolution of a state in this rotating frame
can be solved analytically. Due to tr[ρ˜(k, τ)v˜(k, τ)] = tr[ρ(k, τ)v(k, τ)], we can evaluate Eq. (S6) in the rotating frame.
After some algebra we find
Q = Qst +Qos, (S42)
Qst ≡ 1
4pi
∫ pi
−pi
dkT
∂∆˜
∂k
[|〈+˜|Ψ(k, 0)〉|2 − |〈−˜|Ψ(k, 0)〉|2] , (S43)
Qos ≡ 1
pi
∫ pi
−pi
dk
〈Ψ(k, 0)|+˜〉〈+˜|∂H˜∂k |−˜〉〈−˜|Ψ(k, 0)〉
∆˜
sin(∆˜T ), (S44)
for the initial states given by Eq. (S31). As we will show in the following, Qst is the stationary part of Q, and it will
converge to QIBC given by Eq. (S37) in the adiabatic limit. On the contrary, the integrand of Qos is an oscillating
function of k. When T is large, the integrand of Qos will oscillate fast with respect to k, and its contribution to Q
after integrating over k is at least of the order of 1/T , which will finally vanish in the adiabatic limit.
Straightforward calculations yield
Qst = −
∫ pi
0
dk
ν(ν∂kν + δ∂kδ)
∆∆˜2
= −
∫ pi
0
dk
[(
ω2 − δ21
)
cos(k)− δ1δ2
]
ω sin2(k)√
ω2 sin2(k) + [δ1 cos(k) + δ2]
2
{
ω2 sin2(k) +
[
δ1 cos(k) + δ2 − 2piT
]2} . (S45)
Comparing this with Eq. (S37) for the charge pumping due to interband coherence, we find that in the adiabatic limit
(T →∞), Qst will converge to QIBC, i.e.,
lim
T→∞
Qst = QIBC. (S46)
In the large T regime, Qst will approach to QIBC algebraically, with leading correction of order 1/T . Also we note
that the integrand of Qst does not diverge at k = pi for either δ2 = δ1 or δ2 = δ1 + 2pi/T . This implies that in practice
the peak is smooth and has a finite height.
Performing similar calculations, the oscillatory part Qos in Eq. (S44) is found to be
Qos = − 1
2pi
∫ pi
0
dk
ω
[
δ1 +
(
δ2 − 2piT
)
cos(k)
] (
δ˜δ + ν2
)
∆∆˜3
sin(∆˜T ) (S47)
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The integrand of this integral also does not diverge at k = pi for either δ2 = δ1 or δ2 = δ1 + 2pi/T . Furthermore, when
T is large, sin(∆˜T ) is a fast oscillating function with respect to k. Its integral over k is therefore at least of the order
of 1/T . So in the adiabatic limit we will have limT→∞Qos = 0. In the large T regime, Qos will decrease with the
increase of T . Its leading contribution to Q is also of the order of 1/T .
In Fig. 4(a) of the main text, the orange and green curves related to the linear ramp φ = 2piτ are obtained
by evaluating Eq. (S6) based on the exact solutions of the Schro¨dinger equation with the initial states given by
Eq. (S31). For the blue curve related to the protocol φ = 2piτ2, the corresponding rotating-frame Hamiltonian is
also time dependent. So this curve is found by first solving the Schro¨dinger equation numerically with the initial
state (S31) and then computing the charge pumping with Eq. (S6).
2. EXPERIMENT
2.1 Experimental setup
The experiment is performed on an NV center in a {100}-face bulk diamond synthesized by chemical vapor deposition
(CVD). The nitrogen impurity is less than 5 ppb and the abundance of 13C is at the natural level of about 1.1%.
The dephasing time of the NV electron spin is 1.7 µs. The NV center is optically addressed by a home-built confocal
microscope. Green laser is used for optical excitation. The laser beam is released and cut off by an acousto-optic
modulator (power leakage ratio ∼ 1/1000). To reduce the laser leakage further, the beam passes twice through the
acousto-optic modulator. The laser is focused into the diamond by an oil objective (60*O, NA 1.42). The phonon
sideband fluorescence with the wavelength between 650 and 800 nm is collected by the same oil objective and finally
detected by an avalanche photodiode with a counter card. A solid immersion lens etched on the diamond by focused
ion beam enhances the fluorescence counting rate up to 400 thousand counts per second. The microwaves generated
by an arbitrary waveform generator (AWG) pass a 6 dB attenuator and then strengthened by a power amplifier.
Finally, the microwaves are radiated to the NV center from a coplanar waveguide. The magnetic field is supplied by
a permanent magnet mounted on a manual translation stage.
2.2 Calibration
The magnitude of the transverse field is ω sin k during the evolution period. In order to feed the microwaves with
proper amplitude to the NV center, we calibrate the Rabi frequency as a function of the AWG’s output amplitude. The
calibration is done by performing conventional Rabi oscillation experiments with various output amplitudes. We fit
the experimental data of Rabi oscillation associated with each output amplitude V to extract the corresponding Rabi
frequency ωR, and then fit the Rabi frequency using ωR = aV
b with a and b being the coefficients to be determined.
The relation between the Rabi frequency and the AWG’s output amplitude is thus obtained. Such calibration is
carried out hourly to guard against the drift of experimental conditions.
2.3 Pulse sequence
After the qubit is polarized to the state |ψ0〉 = (1, 0)T by a green laser pulse, a resonant microwave pulse is applied
to prepare the initial state. In the laboratory frame, the Hamiltonian of the qubit irradiated by the pulse is
H labini =
ω0
2
σz + ω1 cos(ω0t+ ϕini)σx. (S48)
where the first term on the right-hand side is the static component of the Hamiltonian with ω0 being the resonant
frequency, and the second term accounts for the effect of the microwaves with ω1, ϕini, and t being the Rabi frequency,
the initial phase, and the time starting from zero, respectively. The value of ϕini depends on δ1 cos k+δ2 as ϕini = −pi/2
for δ1 cos k + δ2 ≥ 0 and ϕini = pi/2 for δ1 cos k + δ2 < 0. In the rotating frame that rotates around the z axis with
the angular frequency ω0, or to put it another way, under the rotating transformation characterized by the rotation
operator Rini = e
−iω0tσz/2, the Hamiltonian in Eq. (S48) is transformed to
Hrotini = R
†
iniH
lab
ini Rini − iR†ini
d
dt
Rini =
ω1
2
(σx cosϕini + σy sinϕini), (S49)
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where the second equality is based on the rotating wave approximation. The pulse lasts for tini = α/ω1, where α is
the inclination angle of the initial state. From Eq. (S32) one can see that, in usual cases,
α = arccos
ω sin k√
(ω sin k)
2
+ (δ1 cos k + δ2)
2
. (S50)
From Eq. (S35) one can see that, in the singular case where δ1 = δ2 and k = pi, the angle α equals zero. Therefore,
after the pulse, the state of the qubit in the rotating frame is∣∣ψrotini 〉 = e−iHrotini tini |ψ0〉 = |Ψ(k, 0)〉 , (S51)
which is our desired initial state. In the laboratory frame, this state immediately after the pulse is expressed as∣∣ψlabini 〉 = e−iω0tiniσz/2 ∣∣ψrotini 〉 . (S52)
Next, a microwave pulse is applied to build the model Hamiltonian in Eq. (S26). In most cases, this pulse is
off-resonant. In the laboratory frame, the Hamiltonian of the qubit irradiated by the pulse is
H labpump =
ω0
2
σz + ω sin k cos
[
(ω0 − δ1 cos k − δ2)t+ φ
(
t
T
)
+ ω0tini
]
σx, (S53)
where t is the time starting from zero. In the rotating frame with the rotation operator Rpump =
e−i[(ω0−δ1 cos k−δ2)t+ω0tini]σz/2, the Hamiltonian in Eq. (S53) is transformed to our target Hamiltonian, namely,
Hrotpump = R
†
pumpH
lab
pumpRpump − iR†pump
d
dt
Rpump =
ω sin k
2
[
cosφ
(
t
T
)
σx + sinφ
(
t
T
)
σy
]
+
δ1 cos k + δ2
2
σz, (S54)
where the second equality is based on the rotating wave approximation. In this rotating frame, the state in Eq. (S52)
is rewritten as
R†pump(t = 0)
∣∣ψlabini 〉 = ∣∣ψrotini 〉 = |Ψ(k, 0)〉 , (S55)
which has the same form as in the rotating frame defined by Rini. The pulse lasts for some duration duration te ∈ [0, T ],
which is a sampling point in time. Assume that the state of the qubit immediately after the pulse is
∣∣ψrotpump〉 in this
rotating frame. In the laboratory frame, the state is expressed as∣∣ψlabpump〉 = e−i[(ω0−δ1 cos k−δ2)te+ω0tini]σz/2 ∣∣ψrotpump〉 . (S56)
Finally, a resonant microwave pulse is applied to assist measurement. In the laboratory frame, the Hamiltonian of
the qubit irradiated by the pulse is
H labfin =
ω0
2
σz + ω1 cos
[
ω0t+ (ω0 − δ1 cos k − δ2)te + φ
(
te
T
)
+ ω0tini + ϕfin
]
σx, (S57)
where ϕfin = −pi/2 for cos k ≥ 0 and ϕfin = pi/2 for cos k < 0, and t is also the time starting from zero. In the
rotating frame with the rotation operator Rfin = e
−i[ω0t+(ω0−δ1 cos k−δ2)te+ω0tini]σz/2, the Hamiltonian in Eq. (S57) is
transformed to
Hrotfin = R
†
finH
lab
fin Rfin − iR†fin
d
dt
Rfin =
ω1
2
{
σx cos
[
φ
(
te
T
)
+ ϕfin
]
+ σy sin
[
φ
(
te
T
)
+ ϕfin
]}
, (S58)
where the second equality is based on the rotating wave approximation. In this rotating frame, the state in Eq. (S56)
is rewritten as
R†fin(t = 0)
∣∣ψlabpump〉 = ∣∣ψrotpump〉 , (S59)
which has the same form as in the rotating frame defined by Rpump. The pulse lasts for tini = β/ω1, where
β = arccos
−δ1 sin k√
(ω cos k)
2
+ (δ1 sin k)
2
. (S60)
is the inclination angle of the direction of the velocity operator v = ∂kH = ω cos k(cosφ σx+sinφ σy)/2−δ1 sin k σz/2.
After the pulse, laser illumination is carried out to realize the measurement of σz. The combined effect of the final
microwave pulse and its subsequent laser illumination amounts to the measurement of
eiH
rot
fin tfinσze
−iHrotfin tfin =
v
‖v‖ . (S61)
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2.4 Experimental data analysis
As shown in Fig. 2(c) of the main text, the spin state is read out during the latter laser pulse and there are two
counting windows. Such sequence is iterated at least a hundred thousand times. The total photon count recorded
by the first (second) window during these iterations is regarded as signal (reference) and denoted by s (r). The raw
experimental data is x = s/r. To normalize the data, a conventional Rabi oscillation is performed alongside. We fit
the raw data of the Rabi oscillation using the function x = x0 + a cos(ωRt+ϕ), and then normalize the experimental
data as xn = (x − x0)/a. The data thus normalized represent the expectation value of σz. In the experiment, the
sampling interval in time t = Tτ is 10 ns. For δ2/δ1 =0, 0.5, 1.5, and 2, the sampling interval in k is pi/18. For other
values of δ2/δ1 around the phase transition point δ2/δ1 = 1, the sampling interval in k is pi/18 when 0 ≤ k ≤ 8pi/9
and is pi/90 when 8pi/9 ≤ k ≤ pi. The numerical integration is based on Simpson’s rule.
2.5 Experimental data
The complete data that support the final results in Fig. 4(a) of the main text are as follows.
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FIG. S1. Normalized velocity expectation values and pumped charge per each k for φ(τ) = 2piτ with T = 1 µs. (a-i) Normalized
velocity expectation values 〈v〉/ ‖v‖ as a function of the synthetic quasimomentum k and the scaled time τ for δ2/δ1 =0, 0.5,
1, 1.05, 1.1, 1.15, 1.2, 1.5, and 2, respectively. The calculations based on the Schro¨dinger equation are on the left and the
experimental data are on the right. The red curves in experimental contour maps are guides to the eye to clarify the patterns in
the color map. These guidelines are the crest lines in the patterns of the calculated 〈v〉/ ‖v‖. The transparency of the guidelines
is related to the values of 〈v〉/ ‖v‖ and reflects the amplitude of oscillation. (j) Pumped charge q(k) contributed from each
quasimomentum k for δ2/δ1 =0, 0.5, 1, 1.05, 1.1, 1.15, 1.2, 1.5, and 2. Symbols represent the experimental data and curves
represent the calculation.
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FIG. S2. Normalized velocity expectation values and pumped charge per each k for φ(τ) = 2piτ with T = 0.5 µs. (a-i)
Normalized velocity expectation values 〈v〉/ ‖v‖ as a function of the synthetic quasimomentum k and the scaled time τ for
δ2/δ1 =0, 0.5, 1, 1.1, 1.2, 1.25, 1.3, 1.5, and 2, respectively. The calculations based on the Schro¨dinger equation are on the left
and the experimental data are on the right. The red curves in experimental contour maps are guides to the eye to clarify the
patterns in the color map. These guidelines are the crest lines in the patterns of the calculated 〈v〉/ ‖v‖. The transparency of
the guidelines is related to the values of 〈v〉/ ‖v‖ and reflects the amplitude of oscillation. (j) Pumped charge q(k) contributed
from each quasimomentum k for δ2/δ1 =0, 0.5, 1, 1.1, 1.2, 1.25, 1.3, 1.5, and 2. Symbols represent the experimental data and
curves represent the calculation.
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FIG. S3. Normalized velocity expectation values and pumped charge per each k for φ(τ) = 2piτ2 with T = 1 µs. (a-i)
Normalized velocity expectation values 〈v〉/ ‖v‖ as a function of the synthetic quasimomentum k and the scaled time τ for
δ2/δ1 =0, 0.5, 1, 1.05, 1.1, 1.15, 1.2, 1.5, and 2, respectively. The calculations based on the Schro¨dinger equation are on the left
and the experimental data are on the right. The red curves in experimental contour maps are guides to the eye to clarify the
patterns in the color map. These guidelines are the crest lines in the patterns of the calculated 〈v〉/ ‖v‖. The transparency of
the guidelines is related to the values of 〈v〉/ ‖v‖ and reflects the amplitude of oscillation. (j) Pumped charge q(k) contributed
from each quasimomentum k for δ2/δ1 =0, 0.5, 1, 1.05, 1.1, 1.15, 1.2, 1.5, and 2. Symbols represent the experimental data and
curves represent the calculation.
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